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Abstract. We construct a fan which gives a Kato-Usui partial compactifica- 
tion of a period domain of weight —1. This fan is given as with the fans of 
toroidal compactifications. 

1. Introduction 

Let be a Siegel upper half space, and let T be an arithmetic subgroup. By 
Mumford ct al. AMRT we have a toroidal compactification T\J^ tox by taking 
a suitable fan S t0 r- Moreover Carlson, Cattani and Kaplan |CCK] showed a rela- 
tionship between the boundary of T\J%s tot and the degenerating Hodge structures. 
These boundary points are corresponding to the nilpotcnt orbits, which generate 
limiting mixed Hodge structures by Schmid [S]. 

Generalizing this Siegel case, i.e. the case for Hodge structures of weight 1, Kato 
and Usui |KUj have introduced a construction to make partial compactifications 
of period domains. Let D be a period domain of pure Hodge structure introduces 
by Griffiths [G]. Then the real Lie group Gr acts on D transitively. A boundary 
point of Kato-Usui partial comapactifications is a nilpotent orbit generated by a 
nilpotent cone in q. Let L be a subgroup of Gz, and S be a fan of nilpotent cones 
which is (strongly) compatible with T. We can define the set L\Ds of er-nilpotent 
orbits for a E £ modulo L. Here L\Ds has a log geometrical structure and is a 
moduli space of log Hodge structures if L is neat. 

In Siegel case, E tor is compatible with an arithmetic subgroup L and covers all 
possible nilpotent cones. However, beyond the Siegel case, we do not know how to 
construct such a big fan except for some examples. In this paper, we introduce how 
to construct a fan which covers all possible nilpotent cones of special type. 

. We review [H] to clarify our result in this paper. Let D be a period domain 
of weight —1, i.e. odd- weight by twisting. Then Gr is isomorphic to the symplectic 
group. Here an isotropy subgroup L of Gr is compact. Let K be the maximal 
subgroup of Gr containing L. We then have the natural projection 

D = G R /L -> Gr/ K. 
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Now K is isomorphic to the unitary group. Then G^jK can have a complex 
structure so that it is isomorphic to the Siegel space or its complex conjugate 
ffi . This map is compatible with the action of G%. Then we have the map 

(1.1) r\D^r\j$?, t\d -> 

for a subgroup F of G%. 

In [H], we defined fans of even-type and odd- type. For an even- type (resp. 
odd- type) fan £ which is compatible with L, we constructed the map 

P cv : r\£> s -> iVfc, (resp. p od : T\D^ -> r\^ s ) 

as an extension of the map (jl.ll) . Moreover we have the map £ : T\J^ — > T\Jfs 
to the Satake compactification T\Jfs- We also showed that £ op cv and (op od are 
constructed by taking the boundary of the cycle space. 

In this paper, we introduce a construction of fans of even-type and odd-type 
which is compatible with an arithmetic subgroup F. We show that the fans of 
even-type and odd-type are constructed by a decompositions of the open cones of 
the Lie group q similar to the toroidal compactifications. Moreover, we define a 
subfan E ev C S t0 r of even-type cones and prove the map 

P cv : r\# Sov -> r\jr Sov (c r\jr Stor ) 

is surjective. 

In addition, recently Kerr and Pearlstein }KPj have given a construction of 
the partial compactifications of Mumford-Tate domains in the same manner as the 
Kato-Usui's construction. We expect that the construction of fans we discuss in 
this paper works in the case for Mumford-Tate domains. 



by 



2. Recipe for the fans 

Let Hi be a Z-module of rank 2n, and let Q be a bilinear form on Hz defined 



I 

-I 



Let {h Pt p 1 } p be a Hodge numbers of a Hodge structure of weight — 1. Then we 
have a period domain D for (Hz,Q, {h p '~ p ~ 1 } p ). Now 

Ga = Aut (Ha, Q) = Sp(n, A) 

for A = Z, (Q>, M, C, and Gr acts on D transitively. The isotropy subgroup L and 
the maximal subgroup K including L are 

L = J] U{h p - p - 1 ), K = U(n). 
p 

We denote by Jf? the Siegel space of degree n. Then JStf = Gr/K, and Jf? is a 
period domain for 

(H z , Q, {h - 1 = h- 1 - = n,0 otherwise}). 
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2.1. Polyhedral decompositions. Let S be an isotropic subspace of Hr 
with respect to Q. Now < dim S < n and S is corresponding to the Satakc 
boundary component of Jff (cf. [NJ. For the Lie algebra g of Gm, we define the 
subalgebra 

r)(S) = {N eg\ lmN c S}. 

For X G g, we have Q(Xv,w) + Q(v,Xw) = for v, u> G i?R. Then iV 2 = for 
A" G ^(S 1 ) and all elements in rj(S) are commutative with each other. We define 

7?+ (S) = {N E r] + \ 4> N > on H*/S x } 

where c6_/y is the bilinear form defined by Q(», N»). Let T be an arithmetic subgroup 
of Gz, and let T(S) be the maximal subgroup of T which stabilizes S. 

Definition 2.1. A fan E(S) of conefl in the closure CI (?/ + (S')) is said to be a 
r(S')-admissible polyhedral decomposition of i] + (S) if: 

• If a 6 S(5) and 7 G r(5), 7d G S(S'); 

• There exists finitely many cones cti, . . . , ae G S(S') such that for any cr G 
S(5), there exists 7 G r(5) with 70- = tjj for some j; 

Moreover a union S = Uq(s S)=o ^(^) °f r(S')-admissible polyhedral decom- 
positions is said to be a L-admissible family if: 
. 7 E(5) = E( 7 5); 

• If 5' C 5", E(5') is the restriction of E(5) on Cl(?7+(5")). 

The existence of a T-admissible family of polyhedral decompositions is proved 
by I AMRT] . 

2.2. Even-type and odd-type fans. Let a be a nilpotent cone in g. a can 
be written as 

0= R >° N i 
i<j<e 

with nilpotents N±,...,Ng G gq. For F in the compact dual D, we call (cr, exp (crc)-F 1 ) 
is a nilpotent orbit if it satisfies the following conditions: 

• exp (J2j ixjNj)F E D if xi, . . . ,xt » 0; 

• NFP C FP- 1 for any p and N E a. 

Let (a, exp (o'c)-? 7 ') be a nilpotent orbit. We then have the weight filtration W(a) 
and (W(cr), F) is a mixed Hodge structure twisting W(a). Now we have the Deligne 
decomposition He — © p q l p ' q for (VT(cr), i 71 ) where 

w{(j) k = iv ' q i F e = j2 iP:q - 

p+q<k p>£ 

Definition 2.2. A nilpotent orbit (cr, exp (ac)F ) is called even-type (resp. 
odd-type) if it satisfies the following conditions: 

• N 2 = for N for N G cr; 

. jv-.-p = for any odd (resp. even) integer p with respect to the LMHS 
(W(a),F). 



In this paper, all cones are assumed to be finitely generated convex rational polyhedral cone. 
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A nilpotent cone a is called even-type (resp. odd-type) if a generates a nilpotent 
orbit and all a- nilpotent orbits are even-type (resp. odd- type). A fan E is called 
even- type (resp. odd- type) if any face of S is even- type (resp. odd- type). 

Let (a, exp (ac)F) be a nilpotent orbit. By the property of W = W(a) ([Sj 
Lemma 6.4]), 

W± 2 = W-l. 

Then W-2 is an isotropy subspace. Moreover we have the following Lemma: 

Lemma 2.3. For the relative interior o~° of a, o~° C r) + (W-2) (resp. a° C 
— r] + (W-2)) if, and only if a is even-type (resp. odd-type). 

Proof. If a is even-type (resp. odd- type), N 2 — and then the weight filtration 
is given by 

W(a) = H K , W(<j)- X = Ker N, W(a)- 2 = Im N, W(<r)- 3 = {0} 
where N G a° . Therefore 

H C /(W-2,c) X = H c /W-x,c = P'' p (resp. P>~p). 

p:even p:odd 

By the polarization condition of the LMHS, 

Q(v, Nv) > if p is even, 
-Q(v, Nv) > if p is odd, 



i 2p Q{v,Nv) 



for ^ v E P^ p and N G a°. Then a° C v + (W- 2 ) (resp. a° C -r?+(W_ 2 )), and 
vice versa. □ 

2.3. Maps to the toroidal compactifications. Let (a, exp (ac)F ) be an 
even-type (resp. odd-type) nilpotent orbit. By [CKS, Proposition 2.20] there 
exists 6 G L R 1 ^ 1 (W(a),F) uniquely such that (W(a), e~ l5 F) is R-split LMHS. 
We write F — e" l5 F. We then have the R-split nilpotent orbit (c, exp (ac)F) 
uniquely. Let He — p+9=o -1-2 ^ P ' 9 be tne Deligne decomposition with respect 
to the LMHS (W(a), F). We define F G J& by 

*"° = ( P'-p-^ m^P'-n, 

p: even p 

(resp. F° = ( P'-P- 1 ) © (0F- P )) 

p: odd p 

Now(W(cr),F) (resp. (W(a),F)) is a R-split LMHS with the polarization Q(m, N 3 ») 
on Gr^ for j > and N e cr° (resp. TV G -ct°). Then (ct, exp (cr c )^) is a R-split 
nilpotent orbit for J$? (resp. Jff). By a linear algebraic calculation, we have the 
following proposition: 

Proposition 2.4 ([Hi Proposition 2.10]). p cv (e zN F) = e zN F (resp. p oA (e m F) 
e m F ) for Im z > and N G cr° . 

We denote by B(er) (resp. B tor (<r), B tor (o')) the set of er-nilpotent orbits for D 
(resp. Jff, Jtf). For an even- type (resp. odd- type) nilpotent cone a, we define the 
map p cv : B(a) -> B tor (a) (resp. p od : B(cr) B tor (cr)) by 

(cr, exp (ctc)-F) ^ (o\ exp (cr c )e l,5 F) 

where F = e 4,5 F. 
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Proposition 2.5. Let a be an even-type cone such that a C r) + (S) with 
dim5 < hP'^ 1 . Then p ev : B(er) — > Btor(c) is surjective. 

Proof. For a nilpotent orbit (er, exp (o~c)F) S B tor (cr), it is enough to show that 
there exists a nilpotent orbit (a, exp (ac)F) S B(<r) such that the image through p cv 
is (c, exp (ac)F). Let to = dim 5. Then the Deligne decomposition for (W(a),F) 
is given by 

H c = I 0,0 ©I -1 ' © I ' -1 8 7" 1 " 1 , dim7°'° = m, dim/" 1 ' = n - m. 



Now J^ 1 ' = J ' -1 , then © J - -1 is defined over K. Let H' be the subspace of 
Hr such that iJj. = J -1 - © I ' -1 . Then J" 1 ' determines the point in the period 
domain for 

{H',Q\ H ,,{hr lfi = h ' 1 = n-m, otherwise}) 

which is isomorphic to the Siegel space of degree n — to. Let D' be the period 
domain for (H',Q\ H >, {h' p ~ 1 ~ p }) where 



h >P,-i-P 



h p - 1 - p if p^ -1,0, 

hP-^P-m ifp=-l,0. 

We then have 

JZ" = Sp(n - to, M) /U(n - m), D' = Sp(n - to, R)/ J| f7(7i /p ' _3 ' _1 ), 

p 

and we have the projection : D' — ► J^'. Now J ' -1 £ ^P' and there exists F' € D' 
such that = J -- 1 . We define F e D by 

{F'P if p > 

F'P © 7 ' if p = 

F'P © jO,o e j-i.-i if p < o. 

Then (W(a), F) is a LMHS such that 

Gr^ S 7 0,0 , Gr^CF) - F', Gr^g = J -1 ' -1 . 

Therefore (ct, exp (ac)F) is a cr-nilpotent orbit for D and the image through p cv is 
((T,exp(<rc)F). □ 

Remark 2.6. The above proposition does not hold for an odd-type cone. See 
the example of §2.41 

For a fan X of nilpotent cones, we define 

D S = □ B(cr). 

Then for an even-type (resp. odd-type) fan X we can define the map 

p cv :Dv^Jth (resp. p od :Dv^J?h), 

and for a subgroup T of G% which is compatible with X we have 

p cv : r\Ds -> r\^ s (resp. p od : r\£> E f\^ s ), 

where p cv = id if -D = JT. 

Let r be an arithmetic subgroup of Gr and let X t or be a T-admissible family 
of polyhedral decompositions. Then r\£>£ tor is called a toroidal compactification. 
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A toroidal compactificatiori is compact and moreover is smooth if T is neat. By 
Lcmma l2.3[ for a G Etor, o is even-type and —a is odd-type if it has nilpotent orbit. 
We then have the map 

3d 



(2.1) 
where EI 



V 



r\£» Etor ->r\j^„, 



r\D 5 



is the fan of —a for all a G Etor- As we will see at §2.41 these maps may 



not be surjective. 
Now 



We then define the subfan 
(2.2) 



= U 

Q(s,s)=a 

U 

Q(S,S)=0, 
dimSKh '' 1 



of E t or- By Proposition we have the following corollary 
Corollary 2.7. p cv : r\Z? Scv -> r\J^ ov is surjective. 

2.4. Example. We consider the case where = 1 if p = 1,0,-1,-2, 

h p '~ p ~ 1 — otherwise (the case for Hodge structures of Calabi-Yau thrcefolds with 
h 2 - 1 = 1). In this case 



Sp(2,R), L = U(l) x U(l), K = U(2). 

In |KU1 §12.3], this case is well-studied. Any nilpotent cone in this case is rank 1, 
and its generator N is classified as follows: 
(I) iV 2 = 0, dim(ImA0 = i ; 
(II) N 2 = 0, dim(ImA^) = 2; 



(III) N A ^ 0, N 



0. 



LMHS of type-I and type-II are described as follows: 



(1-2) 



(0,0) 



JV 



(-2,1) 



(1,-1) 



N 



(0-2) 



(-1.1) 



(-2,0) 



(I) (II) 

Then type-I cone is even-type and type-II cone is odd-type. The fan of all possible 
type-I cones is 

Ei = {R> ^V | N £ Q , N 2 = 0, dim(ImiV) = 1, <j> N > on H R /KerN}. 

For a generator N of a G Ei, rj(ImN) is 1-dimensional, and then rj + (lmN) = 
R >0 N. Then E x = E ov of (j2~2l . 

On the other hand, the fan E2 of all possible type-II cones, all cones of E2 are 
rank 1. For a generator N of a G E2, dim(ImA r ) = 2 and dim (^(Im AT)) = 3. 
Then E2 does not contain a polyhedral decomposition of i] + (lmN). 
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For a type-I cone ci, by Proposition 12.51 the map 

p ev : B(a{) -»■ Btor^i) 

is surjective. In fact, 

Bfd^/xC, B tor ( ffl )Sjf xC. 

The map p cv on the boundary component is given by the complex conjugation of 
the first element. 

For a type-II cone a 2 , we have B(cr 2 ) = C x {±1} by [KUl §12.3]. Then 
dimB(er 2 ) < dimB tor (cr 2 ) = 2. 
Therefore the map p od on the boundary component is not surjective. 
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